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FLOER HOMOLOGY, NIELSEN THEORY AND SYMPLECTIC ZETA 

FUNCTIONS 


ALEXANDER FEL’SHTYN 

Abstract. We describe connection between symplectic Floer homology for surfaces 
and Nielsen fixed point theory. A new zeta functions and asymptotic invariant of sym¬ 
plectic origin are defined. We show that special values of symplectic zeta functions are 
Reidemeister torsions. 
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1. Introduction 

In two dimensions a diffeomorphism is symplectic if it preserves area. As a consequence, 
the symplectic geometry of surfaces lacks many of the interesting phenomena which are 
encountered in higher dimensions. For example, two symplectic automorphisms of a closed 
surface are symplectically isotopic iff they are homotopic, by a theorem of Moser jT^j. On 
other hand symplectic hxed point theory is very nontrivial in dimension 2, as shown by 
the Poincare-Birkhoff theorem. It is known that symplectic Floer homology on surface 
is a simple model for the instanton Floer homology of the mapping torus of the surface 
diffeomorphism |21j . 

In this article we dehne new zeta functions related to symplectic Floer homology groups 
and investigate their analytical properties. We show that special values of these zeta 
functions are Reidemeister torsions. We also dehne asymptotic invariant of monotone 

Part of this work was conducted during author stay in Ohio State University, Columbus and RIMS, 
Kyoto. 
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symplectomorphism. We prove the following result: Let M be a compact connected 
surface of Euler characteristic x(M) <0. If 0 is a non-trivial orientation preserving 
periodic diffeomorphism of M or 0 is a diffeomorphism of hnite type with only isolated 
hxed points, then 0 is monotone with respect to some 0-invariant area form on M and 
HF^{(I)) = dimifF*(0) = A^(0) where, iV(0) denotes the Nielsen number of 0 and 

denotes symplectic Floer homology group. Due to P. Seidel [221 dimifF*(0) is 
a new symplectic invariant of a four-dimensional symplectic manifold with nonzero first 
Betti number. This 4-manifold produced from symplectomorphism 0 by a surgery con¬ 
struction which is a variation of earlier constructions due to McMullen-Taubes, Fintushel- 
Stern and J. Smith.We hope that our symplectic zeta functions and asymptotic invariant 
also give rise to a new invariants of contact 3- manifolds and symplectic 4-manifolds. 

The author came to the idea that Nilsen numbers are connected with Floer homology 
of surface diffeomorphisms at the Autumn 2000, after conversations with Joel Bobbin and 
Dan Burghelea. Last years I try to find a cohomological theory which lies behind of the 
Nielsen zeta function j^. The results of this paper were reported in the author talk on 
the International Conference Topological Methods in Nonlinear Analysis, June 2001 in 
Bendlewo, Poland. I am very gratefull to Dietmar Salomon who send me handwritten 
notes of Wu-Chung Hsiang paper “A speculation on Floer theory and Nielsen theory” 
and to Stefan Haller, Wu-Chung Hsiang, Jarek Kedra, Wilhelm Klingenberg, Francois 
Laudenbach, Kaoru Ono, Yuli Rudjak, Andrei Tyurin and Vladimir Turaev for very 
useful discussions of the results of this paper. The delay in publication was connected 
with the absence of the important notion of monotonicity, introduced by P. Seidel |2I] in 
the Spring 2001. 

The author would like to thank the Max-Planck-Institute fiir Mathematik, Bonn for 
kind hospitality and support. 

2. The monotonicity condition 

In this section we discuss the notion of monotonicity as defined in I2iiiini- Monotonicity 
plays important role for Floer homology in two dimensions. For a more detailed account 
we refer to the original articles of P. Seidel and R. Gautschi. 

Throughout this article, M denotes a closed connected and oriented 2-manifold of genus 
> 2. Pick an everywhere positive two-form uj on M. 

Let 0 G Symp(M,a;), the group of symplectic automorphisms of the two-dimensional 
symplectic manifold M, uj. The mapping torus of 0, = R x M/(t + 1, x) (t, 0 (a:)), is 

a 3-manifold fibered over = R/Z. There are two natural second cohomology classes on 
T^, denoted by [a;^] and c^. The first one is represented by the closed two-form which 
is induced from the pullback of a; to R x M. The second is the Euler class of the vector 
bundle 

10, = R X TM/{t + 1,0) ~ (t, d0,r0), 

which is of rank 2 and inherits an orientation from TM. 

0 G Symp(M, O') is called monotone, if 

00 = (areaa;(M)/x(M)) ■ 

in i/^(T 0 ;R); throughout this article Symp™'(M, cn) denotes the set of monotone symplec- 
tomorphisms. 
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Now if^(T 0 ;R) fits into the following short exact sequence pT| [TH] 

(1) 0 ^ H\T^- M) ^ H\M- M), ^ 0. 

im(id— 0 *) 

where the map r* is restriction to the fiber. The map d is defined as follows. Let p : / —*> M 
be a smooth function which vanishes near 0 and 1 and satishes = 1. If 6 ^ is a closed 

1-form on M, then p ■ 6 f\dt dehnes a closed 2-form on T^; indeed d[6] = [p ■ 6 ^ A df]. The 
map r ■. M ^ assigns to each x & M the equivalence class of (1/2,a:). Note, that 
r*ijjij, = to and r*c^ is the Euler class of TM. Hence, by (|T)), there exists a unique class 
m(0) G R)/im(id —0*) satisfying 

dm( 0 ) = [o;,^] - (area^(M)/x(M)) • c^, 

where x denotes the Euler characteristic. Therefore, 0 is monotone if and only if m(0) = 0. 

We recall the fundamental properties of Symp”^(M, a;) from pilllOj . Let Diff''"(M) denotes 
the group of orientation preserving diffeomorphisms of M. 

(Identity) idM G Symp™(M,a;). 

(Naturality) If 0 G Symp™(M, a;), 0 G Diff^(M), then G Symp™'(M, 0*a;). 

(Isotopy) Let be an isotopy in Symp(M,a;), i.e. a smooth path with 0o = id. 

Then m (0 o 0 ;^) = m(0) -|- [Flux(0i )t£i] in iL^(M;R)/im(id—0*); see j^H Lemma 6 ]. For 
the definition of the flux homomorphism see QSI. 

(Inclusion) The inclusion Symp™'(M,a;) Diff’''(M) is a homotopy equivalence. This 
follows from the isotopy property, surjectivity of the flux homomorphism and Moser’s 
isotopy theorem na which says that each element of the mapping class group admits 
representatives which preserve u. Furthermore, the Earl-Fells Theorem [3] implies that 
every connected component of Symp'"(M, a;) is contractible. 

(Floer homology) To every 0 G Symp”’'(M, cu) symplectic Floer homology theory assigns a 
Z 2 -graded vector space HF^{(j)) over Z 2 , with an additional multiplicative structure, called 
the quantum cap product, H*{M; Z 2 ) —>• HF^{(1)). For 0 = idM the symplectic 

Floer homology HF^{idM) are canonically isomorphic to ordinary homology iL*(M;Z 2 ) 
and quantum cap product agrees with the ordinary cap product. Each 0 G Diff’^(M) 
induces an isomorphism iLF*( 0 ) = iLi 0 ( 0 “^ 00 ) of iL*(M; Z 2 )-modules. 

(Invariance) If 0,0' G Symp™'(M, a;) are isotopic, then iLi0(0) and HF^{(j)') are naturally 
isomorphic as iL*(M;Z 2 )-modules. This is proven in | 21 l Page 7]. Note that every 
Hamiltonian perturbation of 0 (see j2]) is also in Symp”''(M, a;). 

Now let 5 ^ be a mapping class of M, i.e. an isotopy class of Diff’'"(M). Pick an area form 
u and a representative 0 G Symp'"(M, a;) of g. Then 7770(0) is an invariant of g, which 
is denoted by HF^{g). Note that FIF^{g) is independent of the choice of an area form uj 
by Moser’s isotopy theorem nn and naturality of Floer homology. 

3. Symplectic Floer homology 

Let 0 G Symp(M,a;).There are two ways of constructing Floer homology detect¬ 
ing its fixed points, Fix(0). Firstly, the graph of 0 is a Lagrangian submanifold of 
M X M, (—a;) x a;) and its fixed points correspond to the intersection points of graph(0) 
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with the diagonal A = {{x,x) G M x M}. Thus we have the Floer homology of the 
Lagrangian intersection HF^{M x M, A, graph{(j))). This intersection is transversal if the 
hxed points of 0 are nondegenerate, i.e. if 1 is not an eigenvalue of d(j){x), for x G Fix(0). 
The second approach was mentioned by Floer in [7] and presented with details by Dos- 
toglou and Salomon in |2].We follow here Seidel’s approach |2I] which, comparable with 
j2], uses a larger class of perturbations, but such that the perturbed action form is still 
cohomologous to the unperturbed. As a consequence, the usual invariance of Floer ho¬ 
mology under Hamiltonian isotopies is extended to the stronger property stated above. 
Let now (j) G Symp™'(M, a;), i.e (j) is monotone. Firstly, we give the dehnition of HF^{(j)) in 
the special case where all the hxed points of 0 are non-degenerate, i.e. for all y G Fix(0), 
det(id—d0j,) ^ 0, and then following Seidels approach [21] we consider general case when 
(p has degenerate hxed points. Let = {y E C°°(R,M) \y(t) = (j){y(t + 1))} be the 
twisted free loop space, which is also the space of sections of ^ S^. The action form 
is the closed one-form a^p on dehned by 

ap,{y)Y = [ Lj{dy/dt,Y{t))dt. 

Jo 

where y E ilp, and Y E Ty^lp,, i.e. Y(t) E Ty^-^M and Y(t) = d(j)yp+i)Y + 1) for all f G M. 

The tangent bundle of any symplectic manifold admits an almost complex structure 
J : TM —>■ TM which is compatible with uj in sense that {v,w) = (x{v, Jw) dehnes a 
Riemannian metric. Let J = (JjigR be a smooth path of cu-compatible almost complex 
structures on M such that Jt+i = If R, Y' E Tyflp, then u;(Y'(t), JtY(t))dt dehnes 
a metric on the loop space Qp. So the critical points of are the constant paths in 
and hence the hxed points of p. The negative gradient lines of a^j with respect to the 
metric above are solutions of the partial diherential equations with boundary conditions 

( u{s,t) = (j){u{s,t + l)), 

( 2 ) <1 dsU+Jt{u)dtu = 0, 

[ \ims^±^u{s,t) E Fix(0) 

These are exactly Gromov’s pseudoholomorphic curves m 

For y^ E Fix(0), let JYl(y ,?/+; J, 0) denote the space of smooth maps m : M 

which satisfy the equations ©• Now to every u E JA{y , y~^] J, p) is associated a Fredholm 
operator D^i which linearizes (|2|) in suitable Sobolev spaces. The index of this operator is 
given by the so called Maslov index p{u), which satishes fi{u) = deg{y~^) — deg{y~) mod 2, 
where (—= sign(det(id —d0y)). We have no bubling, since for surface 7i2{M) = 
0. For a generic J, every u E JYl(y~,y~^; J, p) is regular, meaning that Y)u is onto. 
Hence, by the implicit function theorem, JiAk{y~,y~^] J,4>) is a smooth fc-dimensional 
manifold, where JiAk{y~,y~^] J, (p) denotes the subset of those u E JiA{y~,y~^; J,(f)) with 
fi{u) = k E 7^. Translation of the s-variable dehnes a free M-action on 1-dimensional 
manifold JiAi{y~,y~^; J,(f)) and hence the quotient is a discrete set of points. The energy 
of a map m : —>• M is given by E{u) = uj{^dtu{s,t), Jtdtu{s,t)^ dtds for all 

y E Fix(0). P.Seidel has proved in [25 that if 0 is monotone, then the energy is constant 
on each JiAk{y~,y~^] J,(p)- Since all hxed points of 0 are nondegenerate the set Fix(0) 
is a hnite set and the Z 2 -vector space GF*(0) := zf admits a Z 2 -grading with 
(—= sign(det(id —d0y)), for all y E Fix(0). The boundness of the energy E{u) 
for monotone 0 implies that the 0-dimensional quotients Afi(?/_,|/+, J, 0)/R are actually 
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finite sets. Denoting by n(j/_,j/+) the number of points mod 2 in each of them, one 
defines a differential dj : CF^{(f)) —>• CF*+i(0) by djy_ = ?7,(|/_, ?/+)?/+. Due to gluing 

theorem this Floer boundary operator satisfies dj o dj = 0. For gluing theorem to hold 
one needs again the boundness of the energy E{u) . It follows that {CF^{(j)), dj) is a chain 
complex and its homology is by definition the Floer homology of 0 denoted FrF*(0). It 
is independent of J and is an invariant of 0. 

If 0 has degenerate hxed points one needs to perturb equations 0 in order to dehne the 
Floer homology. Equivalently, one could say that the action form needs to be perturbed. 
The necessary analysis is given in IZQ is essentially the same as in the slightly different 
situations considered in j2]. But Seidel’s approach also differs from the usual one in j2]. 
He uses a larger class of perturbations, but such that the perturbed action form is still 
cohomologous to the unperturbed. 

4. Nielsen numbers and Floer homology 

Before discussing the results of the paper, we briefly describe the few basic notions of 
Nielsen hxed point theory which will be used. We assume X to be a connected, compact 
polyhedron and / : X —X to be a continuous map. Let p : X —X be the universal 
cover of X and / : X —> X a lifting of /, i.e. p o / = / o p. Two liftings / and /' are 
called conjugate if there is a y G F = vri(X) such that /' = y o / o y L The subset 
p{Fix{f)) C Fix{f) is called the hxed point class of f determined by the lifting class 
[/].Two hxed points xq and xi of / belong to the same hxed point class ih there is a 
path c from xq to Xi such that c=foc (homotopy relative endpoints). This fact can be 
considered as an equivalent dehnition of a non-empty hxed point class. Every map / has 
only hnitely many non-empty hxed point classes, each a compact subset of X. A hxed 
point class is called essential if its index is nonzero. The number of essential hxed point 
classes is called the Nielsen number of /, denoted by X(/).The Nielsen number is always 
hnite. R{f) and X(/) are homotopy invariants. In the category of compact, connected 
polyhedra, the Nielsen number of a map is, apart from certain exceptional cases, equal to 
the least number of hxed points of maps with the same homotopy type as /. 

4.1. Periodic diffeomorphisms. The following Lemma was hrst proven in ^21- We 
repeat here the arguments from QDI. 

Lemma 1. ^2] -hef 0 a non-trivial orientation preserving periodic diffeomorphism of a 
compact connected surface M of Euler characteristic xi^) < 0- Then each fixed point 
class of cj) consists of a single point. 

Proof. First assume that M is closed. The uniformization theorem states that in every 
conformal class of metrics on M, there is a unique metric of constant curvature —1 if 
x(M) < 0 or 0 if x(M) = 0. This implies that the unique representative of a 0-invariant 
conformal class of metrics ( such a class exists since 0 is hnite order) is itself 0-invariant. 
Hence we can pick a 0-invariant metric of constant curvature —1 or 0 on M and lift 0 
to an isometry 0 of the universal cover M of M. M is either isometric to the hyperbolic 
plane or the Euclidean plane M^. 

Let X G Fix(0) and let 0,5; be lifts of 0, a: to M, such that 0 (t) = x. Note, that a 
hxed point of 0 is in the same class as x if and only if it can be lifted to a hxed point of 
0. Assume by contradiction that y ^ x is a hxed point of 0. It follows that the unique 
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geodesic going through x and y is pointwise hxed by 0. In particular, since 0 preserves 
orientation, d0£ = id. This implies that 0 = id, because an isometry of or is 
determined by its value and differential at one point. This proves claim 3 in the case that 
M is closed. 

The case dM 7 ^ 0 is reduced to the above case by gluing two copies of M together 
along a 0-invariant tubular neighborhood of dM. The glued manifold is closed and of 
Euler characteristic < 0; extends to a non-trivial diffeomorphism 0', which is orientation 
preserving and of finite order. Hence, every fixed point class of 0' is a single point. The 
same therefore holds for 0. This ends the proof. □ 

R. Gautschi gave two criteria for monotonicity which we use later on. 

Let uj be an area form on M and 0 G Symp(S,a;). 

Lemma 2. mil Assume that every class a G ker(id—0*) C Hi{M] Z) is represented by a 
map j : S —>■ Fix(0), where S is a compact oriented 1-manifold. Then 0 is monotone. 

Lemma 3. QDI 7/0^ is monotone for some k > D, then 0 is monotone. If (j) is monotone, 
then 0*^ is monotone for all k > 0. 

Proof. We repeat Gautschi arguments from uni here. Recall that is the orbit space of 
the Z-action n ■ {t, x) = {t-\- n, (j)~'^{x)), where n G Z and {t, a;) G M x S. If we only divide 
out by the subgroup kZ, for k G M>o, we naturally get the mapping torus of 0^. Further 
dividing by Z/kZ dehnes the fc-fold covering map pk : T^k T^. It is straight forward to 
check that 

(3) pI[uj^] = [uj^pk] and plc^ = c,i,k. 

The first equality follows immediately from the definitions. To prove the second, note 
that p^((TM X M)/Z) = (TM x M.)/kZ = V^k, where the Z-action on R x TS is given by 
■ (ty = (t-\-n, d0“”^a;), for n G Z and fx ^ TxM. The lemma follows from Q and the 
fact that pI is injective. To prove injectivity, define the map : H‘^(T^k;'R) 77 ^(T 0 ;R) 

by averaging differential forms; is a left inverse of pi, i.e. a^o pl = id. This ends the 
proof of the lemma. □ 

We shall say that 0 : M —M is a periodic map of period m, if 0"^ is the identity map 
idM '■ M M. 

Theorem 4. If cf is a non-trivial orientation preserving periodic diffeomorphism of a 
compact connected surface M of Euler characteristic x(M) < 0, then 0 is monotone with 
respect to some f-invariant area form and 

= Zfdim77F*(0) = 

where N{(j)) denotes the Nielsen number of (j). 

Proof. Let 0 be a periodic diffeomorphism of least period 1. First note that if a) is an area 
form on M, then area form oj := 0-invariant, i.e. 0 G Symp(M,a;). By 

periodicity of 0, (jf is the identity map idM '■ M —> M. Then from Lemmas |21 and 01 it 
follows that u! can be chosen such that 0 G Symp”^(M, cn). 

Lemma ^ implies that every y G Fix(0) forms a different fixed point class of 0, so 
70 Fix(0) = N{(j)). This has an immediate consequence for the Floer complex {CF^,{(j)), dj) 
with respect to a generic J = (Ji)igR. If y'^ G Fix(0) are in different fixed point classes. 
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then Ai{y~, J, 0) = 0. This follows from the hrst equation in Q. Then the boundary 
map in the Floer complex is zero dj = 0 and Z 2 -vector space CF^{(j)) := 

This immediately implies HF^{(j)) = and dimifF*(0) = iV(0). 

□ 

4.2. Algebraically finite mapping classes. A mapping class of M is called alge¬ 
braically hnite if it does not have any pseudo-Anosov components in the sense of Thurston’s 
theory of surface diffeomorphism.The term algebraically hnite goes back to J. Nielsen. 

R. Gautschi PI dehned the notion of a diffeomorphism of hnite type for surface dif- 
feomorphisms. These are special representatives of algebraically hnite mapping classes 
adopted to the symplectic geometry. 

Definition 5. [TD] We call 0 G Dih+(M) of finite type if the following holds. There is 
a 0-invariant hnite union N <Z M of disjoint non-contractible annuli such that: 

( 1 ) 0 |M \ A is periodic, i.e. there exists £ > 0 such that 0 ^|M \ A = id. 

(2) Let A' be a connected component of A and f" > 0 be the smallest integer such that 
0^ maps A' to itself. Then 0^ | A' is given by one of the following two models with respect 
to some coordinates {q,p) E I x S^: 

(twist map) {q,p) i- ^ {q,p- f{q)) 

(hip-twist map) (g,p) i—^ (1 - g, -p - /(g)), 

where / : J —>■ M is smooth and strictly monotone. A twist map is called positive or 
negative, if / is increasing or decreasing. 

(3) Let N' and i' be as in (2). \f £' = 1 and 0|A' is a twist map, then im(/) C [0,1], i.e. 
0|int(A') has no hxed points. 

(4) If two connected components of A are homotopic, then the corresponding local models 
of 0 are either both positive or both negative twists. 

The term hip-twist map is taken from |14j . 

By Mid we denote the union of the components of M \ int(A), where 0 restricts to the 
identity. 

The next lemma describes the set of hxed point classes of 0. It is a special case of a 
theorem by B. Jiang and J. Guo ^1], which gives for any mapping class a representative 
that realizes its Nielsen number. 

Lemma 6 (Fixed point classes). [H] Each fixed point class of 0 is either a connected 
component of M^d or consists of a single fixed point. A fixed point x of the second type 
satisfies det(id—d 02 ,) > 0 . 

The monotonicity of diheomorphisms of hnite type was investigated in details in the 
recent preprint by R. Gautschijin]. We describe now his results. Let 0 be a diheomorphism 
of hnite type and i be as in (1). Then 0^ is the product of (multiple) Dehn twists along 
A. Moreover, two parallel Dehn twists have the same sign, by (4). We say that 0 has 
uniform twists, if 0^ is the product of only positive, or only negative Dehn twists. 

Furthermore, we denote by £ the smallest positive integer such that 0^ restricts to the 
identity on M \ A. 
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If uj' is an area form on M which is the standard form dq A dp with respect to the 
(g,p)-coordinates on then oj := standard on N and 0-invariant, i.e. 

0 G Symp(M,a;). To prove that oj can be chosen snch that 0 G Symp™'(M,a;), Gantschi 
distingnishes two cases: nniform and non-nniform twists. In the first case he proves the 
following stronger statement. 

Lemma 7. uni If 0 has uniform twists and oj is a (p-invariant area form, then 0 G 
Symp”"(M,a;). 

In the non-nniform case, monotonicity does not hold for arbitrary 0-invariant area 
forms. 

Lemma 8. PI If 0 does not have uniform twists, there exists a cp-invariant area form oj 
such that 0 G Symp™'(M, a;). Moreover, oj can be chosen such that it is the standard form 
dq A dp on N. 

Theorem 9. If cp is a diffeomorphism of finite type of a compact connected surface M of 
Euler characteristic x(M) < 0 and if cp has only isolated fixed points , then cp is monotone 
with respect to some cp-invariant area form and 

HFficP) = Zf dimifF*(0) = N{(P), 

where N{(p) denotes the Nielsen number of cp. 

Proof. From Lemmas [7| and |H1 it follows that oj can be chosen such that cp G Symp™'(M, a;). 
Lemma El implies that every y G Fix(0) forms a different fixed point class of cp, so 
70 Fix(0) = N{(p). This has an immediate consequence for the Floer complex {CFficp), dj) 
with respect to a generic J = (Ji)igK- If ^ Fix(0) are in different fixed point classes, 
then Ai{y~, y~^] J, cp) = 0. This follows from the first equation in Q. Then the boundary 
map in the Floer complex is zero dj = 0 and Z 2 -vector space CFficp) := 

This immediately implies HFficp) = and dim HFficp) = N{(p). 

□ 

Remark 10. R. Gantschi has proved in preprint PI that, if 0 is a diffeomorphism of 
hnite type, then 0 is monotone with respect to some 0-invariant area form and 

HFM = dM,,; Z2) © 

Here, L denotes the Lefschetz number( see section EJ. 

In the theorem El the set Mid is empty and every fixed point of 0 has fixed point index 
1 [2]. The Lefschetz fixed point formula implies that 70Fix(0) = N{(p) = L(0) . So, 
theorem M now follows also from result of R. Gantschi. 

4.3. Hyperbolic diffeomorphisms of 2-dimensional torns. 

Theorem 11. If cp is a hyperbolic diffeomorphism of a 2-dimensional torus then cp is 
symplectic and 

HFficP) ^ Zf dim HFficP) = N{cP) 

where N{<p) = |det(i? — 0*)| denotes the Nielsen number of cp and cp^, is an induced 
homomorphism on the fundamental group ofT^. 
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Proof. Hyperbolicity of 0 means that the covering linear map (f : R^, det 0 = 1 has 

no eigenvalue of modulus one. The hyperbolic diffeomorphism of a 2-dimensional torus 
is area preserving so symplectic. In fact, the covering map 0 has a unique hxed point, 
which is the origin; hence, by the covering homotopy theorem , the hxed points of 0 are 
pairwise Nielsen nonequivalent.The index of each Nielsen hxed point class, consisting of 
one hxed point, coincides with its Lefschetz index, and by the hyperbolicity of 0, the 
later is not equal to zero.Thus the Nielsen number A^(0) = 70Fix(0). If G Fix(0) are 
in diherent Nielsen hxed point classes, then Ai{y~J,4>) = 0. This follows from the 
hrst equation in Q. Then the boundary map in the Floer complex is zero dj = 0 and 
Z 2 -vector space CF^{(j)) := zf This immediately implies HF.t,{(j)) = 

and dimifF*( 0 ) = A^( 0 ). 

□ 

Remark 12. It is interesting to compare this result with the hrst computation by Marcin 
Pozniak of the Floer homology of linear symplectomorphisms in case of torus [20]. 

5. Symplectic zeta functions 

Let F = no{Diff^{M)) be the mapping class group of a closed connected oriented 
surface M of genus > 2. Pick an everywhere positive two-form uj on M. A isotopy 
theorem of Moser ra says that each mapping class of (7 G P, i.e. an isotopy class of 
Dif admits representatives which preserve a;. Due to Seidel|2I] we can pick a 
monotone representative 0 G Symp™'(M,a;) of g. Then HF^{(f)) is an invariant of ( 7 , 
which is denoted by HF^{g). Note that HF^{g) is independent of the choice of an area 
form uj by Moser’s theorem and naturality of Floer homology. By Gautschi lemma El 
symplectomorphisms (jP are also monotone for all u > 0. Taking a dynamical point of 
view, we consider the iterates of monotone symplectomorphism 0 and dehne the hrst 
symplectic zeta function of 0 as the following power series: 


X^{z) = exp 






where x(iLF’*(0"')) is the Euler characteristic of Floer homology group of (jP. Then X 4 >{z) 
is an invariant of g, which we denote by Xg{z)- 
Let us consider the Lefschetz zeta function 


L^{z) := exp 



LIPl.n] 

n j 


is the Lefschetz number 


where L( 0 -) ;= [ 0 ^^ : Rfc(M;Q) Rfc(M;Q) 

of (jP. The Lefschetz zeta function is always a rational function of z and is given by the 
formula: 

dim A 


= n “ 0*fc-2;) 


fe=0 
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Theorem 13. Symplectic zeta function *-5 ® rational function of z and 

dim A 

X,t>{z) = L^{z) = JJ det [E - (j)^k.zY~^^ . 

k=0 

Proof. If for every n all the fixed points of (fP are non-degenerate, i.e. for all x G Fix(0”), 
det(id —d(/)"(a;)) 7 ^ 0 , then we have( see section|ni): 

x{HF^{cf-))= Y. sign(det(id-d 0 "(a;))) = L( 0 "). 

X=(j)'^{x) 

If we have degenerate hxed points one needs to perturb equations © in order to dehne 
the Floer homology. The necessary analysis is given in EH is essentially the same as in 
the slightly different situations considered in j2] , where the above connection between the 
Euler characteristic and the Lefschetz number was hrstly established. □ 

Remark 14. Theorem M shows that symplectic zeta function x<t>{z) counts symplectic 
periodic points of cj) algebraically- in the Lefschetz way. 

The next issue is a relation of the symplectic zeta function with the Reidemeister torsion, 
a very important topological invariant. We will show that special value of symplectic zeta 
function X(t>{z) is a Reidemeister torsion. Let := {X x l)/{x,0) ~ (0(a;),l) be the 
mapping tori of 0. We shall consider the bundle p : ^ over the circle with hbers 

M. We assume here that E is a flat, complex vector bundle with hnite dimensional hbre 
and base S^. We form its pullback p*E over T^. Note that the vector spaces H'‘{p~^{b), C) 
with b E form a flat vector bundle over S^, which we denote H^M. The integral lattice 
in R) determines a flat density by the condition that the covolume of the lattice 

is 1. We suppose that the bundle E ® H^M is acyclic for all i. Under these conditions D. 
Fried jH] has shown that the bundle p*E is acyclic, and we have 

(4) t{T^;P*E) = 

i 

Let g be the prefered generator of the group 7 ri(S'^) and let A = p{g) where p : vri(S'^) — 
GL{y). Then the holonomy around g of the bundle E ® EI'^M is R ( 8 ) 0*. 

Since r(S'^; E) =\ det(/ — A) | it follows from 0 that 

(5) TiT^;p*E) = J] I det(/ - R 0 (f*) . 

i 

We now consider the special case in which E is one-dimensional, so A is just a complex 
scalar A of modulus one. Then in terms of the rational function L^{z) we have jU]: 

(6) T{T^.ip-E) = n I det(/ - A ■ 4 ,;) |-‘ 

i 

This proves the following 

Theorem 15. The Reidemeister torsion is the special value of the symplectic zeta func¬ 
tion: 

t{T^-P*E)=\x4^) 

where A is the holonomy of the one-dimensional flat complex bundle E over . 
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Now we define the second symplectic zeta fnnction for monotone symplectomorphism 
0 as the following power series: 




, ^ dim , 

''''P I 2^-^ 


yn=l 


Then F^{z) is an invariant of mapping class g, which we denote by Fg{z). 

Motivation for this dehnition is the theorem E] and nice analytical properties of the 

Nielsen zeta fnnction N^{z) = exp ^ . We denote the nnmbers 

dim HF^,{(j)‘^) by iV„. Let fi{d),d G N, be the Mobius fnnction from nnmber theory. As 
is known, it is given by the following eqnations: fi{d) = 0 if d is divisible by a sqnare 
different from one ; /i(d) = (— 1 )^ if d is not divisible by a sqnare different from one , 
where k denotes the number of prime divisors of d; p(l) = 1 . 

Theorem 16. Let (f) be a non-trivial orientation preserving periodic diffeomorphism of 
least period m of a compact connected surface M of Euler characteristic x(M) < 0 . Then 
the zeta function F^{z) is a radical of a rational function and 

UA = n 

d\m 


where the product is taken over all divisors d of the period m, and P{d) is the integer 

F(d) = 5 ^/x(di)iV„,,. 

di\d 

Proof. Since = id,then for each j,Nj = Nm+j- If {k,m) = 1, then there exist positive 
integers t and q such that kt = mq + 1. So (0^)* = 0^* = 0 ™-^+^ = 0™-'?0 = (0™-)90 = 
0. Consequently, Fix((0^)*) = Fix(0). We have Fix(0) C Fix((0^) and Fix((0^) C 
Fix((0^)^) = Fix(0). Then Fix(0) = Fix((0*') and Ni = N^. One can prove completely 
analogously that = N^i, if {i,m/d) = 1, where d is a divisor of m. Using these 
sequences of equal numbers, one can regroup the terms of the series in the exponential 
of the zeta function so as to get logarithmic functions by adding and subtracting missing 
terms with necessary coefficients. We show how to do this hrst for period m = p\ where 
p is a prime number. We have the following sequence of equal numbers: 

Ni = Nk,{k,p’^) = l(i.e., no Nip, Nip 2 ,Nipi,i = 1,2,3,...), 

Np A0p A^3p ''' F^ip—dp F^ipAdp ■ ■ ■ • • • ■> 


Npi-i = N2pi-i = 


etc.; hnally. 


...(no Nipi) 
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and separately the number Npi. 
Further, 


^ i 

i=l 




i=l 


P 


{Np2 - {Np - iVi) - iVi) 


pZ 


— + 


^Npi-...-{Np-N,)-N,)z‘ 

pi 




+ 


+ 


OO , oo 

Et^‘ + E 

i=l 
oo 

E 

i=l 
oo 

E 

i=l 

- N 

-Ni ■ log(l - z) -\ - - ■ log(l - z^) + 

P 

. log(l - Z-’) + ,„ 

pZ 

“ E . log(l - 


P‘ 


For an arbitrary period m , we get completely analogously, 


FAz) = 


where the integers P{d) are calculated recursively by the formula 

p{d) = N,- 

di\d;di^d 

Moreover, if the last formula is rewritten in the form 

7V^ = 5^/i(di)-P(di) 

di\d 

and one uses the Mobius Inversion law for real functions in number theory, then 

di\d 

where fi{di) is the Mbbius function in number theory. The lemma is proved. 


exp 


exp 


exp 


* 

. ^=1 


^^P{d) z'^" 


d\m *=1 




d\m 


d 


d\m 
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Corollary 17. If in Theorem 2 the period m is a prime number, then 

1 


F,(z) = 


(1 - z)Z'< 

We denote by the Artin-Mazur zeta function 

nr: 


V(i - 


cnn ■= exp 


<n=l 


n 


where nr) is the number of isolated hxed points of (jT. 


Theorem 18. If (j) is a hyperbolic diffeomorphism of a 2-dimensional torus r, then 
the symplectic zeta function F^{z) is a rational function and F^[z) = N^{z) = C<t>n) — 
{L^(a ■ , where r is equal to the number of Xi E Spec{(j)) such that \ Aj |> 1, p is 

equal to the number of fii E Spec{(j)) such that pj < —1 and a = (—1)^. 


Proof. From theorem (TT] and [T] it follows that dimi7F*(0"') = 7 ^Fix( 0 ") = nr) = 
iV(0") =1 det(E - 0^) 1 = 1 L(0") I [I]. Thus dimi7F,(0^) = #Fix((/)") = 1(0") = 
N{(fP) = (— 1 )'’+P" • det(i? — = (— 1 )'’+P" • L{(fP). Now a direct computation ends the 

proof of the theorem. 

□ 


6 . Asymptotic invariant. Concluding remarks and conjectures 

6.1. Topological entropy and the Nielsen numbers. The most widely used measure 
for the complexity of a dynamical system is the topological entropy. For the convenience 
of the reader, we include its dehnition. Let / : X —X be a self-map of a compact 
metric space. For given e > 0 and n E N, a. subset C X is said to be (n, e)-separated 
under / if for each pair x y m E there is 0 < i < n such that d{f\x), f\y)) > e. 
Let s„(e, /) denote the largest cardinality of any (n, e)-separated subset E under /. Thus 
s„(e, /) is the greatest number of orbit segments x, f{x ),..., r~^{x) of length n that can 
be distinguished one from another provided we can only distinguish between points of X 
that are at least e apart. Now let 

h{f, e) := limsup - • log Sn{e, f) 
n n 

h{f) ;= limsuph(/,e). 

e^O 

The number 0 < h{f) < oo, which to be independent of the metric d used, is called the 
topological entropy of /. If h{f, e) > 0 then, up to resolution e > 0, the number Sn(e, /) of 
distinguishable orbit segments of length n grows exponentially with n. So h{f) measures 
the growth rate in n of the number of orbit segments of length n with arbitrarily hne 
resolution. A basic relation between Nielsen numbers and topological entropy was found 
by N. Ivanov |Tni. We present here a very short proof of Jiang of the Ivanov’s inequality. 

Lemma 19. [inj 

h{f) ^ limsup — ■ logX(/”) 
n n 
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Proof Let 6 be such that every loop in X of diameter < 26 is contractible. Let e > 0 
be a smaller number such that d{f{x), f{y)) < 6 whenever d{x, y) < 2e. Let X he & 
set consisting of one point from each essential fixed point class of /". Thus \ En\= iV(/"'). 
By the definition of h(/), it suffices to show that E^ is (n, e)-separated. Suppose it is not 
so. Then there would be two points x ^ y E En such that d{f\x), /*(?/)) < e for o < i < n 
hence for all i > 0. Pick a path q from f^{x) to f^{y) of diameter < 2e for o < i < n and 
let Cn = Co. By the choice of 6 and e , / o q ~ q+i for all so /” o cq — c„ = cq. such that 
This means x,y in the same fixed point class of f"', contradicting the construction of En- 
This inequality is remarkable in that it does not require smoothness of the map and 
provides a common lower bound for the topological entropy of all maps in a homotopy 
class. 

We recall Thurston classification theorem for homeomorphisms of surfase M of genus 

> 2. 

Theorem 20. [221 Every homeomorphism cj) : M ^ M is isotopic to a homeomorphism 
f such that either 

(1) f is a periodic map; or 

(2) f is a pseudo-Anosov map, i.e. there is a number X > 1 (stretching factor) and a pair 

of transverse measured foliations and (F“,/i“) such that f{E^,fi^) = (F^, 

and /(F“,/i“) = (F“,A/i“); or 

(3) f is reducible map, i.e. there is a system of disjoint simple closed curves 7 = { 71 ,., 7 ^} 

in intM such that 7 is invariant by f (but 7 * may be permuted) and 7 has a f -invariant 
tubular neighborhood U such that each component of M \ U has negative Euler charac¬ 
teristic and on each(not necessarily connected) f-component of M\U, f satisfies (1) or 
( 2 ). 

The map / above is called the Thurston canonical form of /. In (3) it can be chosen 
so that some iterate Z™ is a generalised Dehn twist on U. Such a / , as well as the / in 
(1) or (2), will be called standard. A key observation is that if / is standard, so are all 
iterates of /. 

Lemma 21. |3] Let f be a pseudo-Anosov homeomorphism with stretching factor A > 1 
of surfase M of genus > 2. Then 

h(f) = log(\) = limsup — • log A^(/"') 
n ri 

Lemma 22. HI Suppose f is a standard homeomorphism of surfase M of genus > 2 
and A is the largest stretching factor of the pseudo-Anosov pieces( \ = 1 if there is no 
pseudo-Anosov piece). Then 

Kf) = log{X) = limsup - ■ logA^(/'^) 
n n 

6.2. Asymptotic invariant. The growth rate of a sequence an of complex numbers is 
defined by 

Growth(an) := maa;{l, limsup 

n—>CO 

which could be inhnity. Note that Growth(a„) > 1 even if all a„ = 0. When 
Growth(an) > 1, we say that the sequence grows exponentially. 
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Definition 23. We define the asymptotic invariant F°°{g) of mapping class 5^ G F = 
7io{Dif f^{M)) to be the growth rate of the seqnence {a„ = dim H for a monotone 
representative 0 G Symp™'(M, a;) of g\ 

F^{g) ■= Growth(dimhrF*(0")) 

Example 24. If 0 is a non-trivial orientation preserving periodic diffeomorphism of a 
compact connected snrface M of Enler characteristic x(M) < 0 , then the periodicity 
of the seqnence dimHF^,{(j)'^) implies that for the corresponding mapping class g the 
asymptotic invariant 

F°°{g) ■= Growth(dimhrF*(0’")) = 1 

Example 25. Let 0 be a monotone diffeomorphism of hnite type of a compact con¬ 
nected snrface M of Enler characteristic x(M) < 0 and g a corresponding algebraically 
hnite mapping class. Let U be the open regnlar neighborhood of the k redncing cnrves 

7i,., 7fc in the Thnrston theorem, and Mj be the component of M \ f/.Let F be a hxed 

point class of 0. Observe from ^3] that if F C Mj, then ind(F, 0) = ind(F, 0j).So if F is 
connted in A^(0) bnt not connted in N{(f)j) , it mnst intersect U. Bnt we see from jHj 
that a component of U can intersect at most 2 essential hxed point classes of 0. Hence 
we have iV(0) < Ylj N{(j)j).For the monotone diheomorphism of hnite type 0 maps 0j are 
periodic. Applying last ineqnality to (fF and nsing remark ITm we have 

0 < dimFF,(0") = dimH,{M^2\dM'>2^-Z2) + N{cl)^\M\Ml2^) < 

< dimF,(M^"\0M^”^Z2)+iV(0") < dimM,(M^"\0M,y;Z2)+5^iV((0)^")+2fc < Ccmst 

j 

by periodicity of 0j. Taking the growth rate in n, we get that asymptotic invariant 
F-(^) = 1. 

Example 26. Let 0 be an hyperbolic antomorphism of 2-dimensional torns dehned by 
an integer matrix with eigenvalnes Ai, A2, |Ai| > 1. Then h(0) = log{\Xi\). On the other 
hand N{(fF) = \det{I — A^) \ = |(1 — A”)(l — A^)]. Hence theorem [TT] implies 

F°°{g) := Growth(dimiLF*(0"')) = limsnp |A^(0”)|^/"' = exp{h{(j))) = |Ai| > 1 

n^oo 

6.3. Conjectures. 

6.3.1. Pseudo-Anosov mapping class. 

Conjecture 27. For pseudo-Anosov mapping class g eF = 7io{Dif f~^{M)) we have 
HF,{g) = Z^^^\ dimHF^{g) = N{g), F^{g) = \imsup \N{g^)\^l-= h{i,) = X > I 

n—>00 

where N{g) denotes the Nielsen number of g and is a standard(Thurston canonical 
form) representative of g, i.e there is a monotone representative 0 G Symp'"(M, a;) of g 
such that 

HF,{(j)) dimHF,{(j)) = F°°(^) = limsnp |A^(0”)|^/” = h(0) = A > 1 
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Remark 28. For pseudo-Anosov “diffeomorphism” we also have, as in theorems I4lhl and 
fm a topological separation of fixed points [22111111121, he the Nielsen number of pseudo- 
Anosov diffeomorphism equals to the number of hxed points and there are no connecting 
orbits between them. But pseudo-Anosov diffeomorphism is a symplectic automorphism 
only on the complement of his hxed points set. 

Fathi and Shub |2] has proved the existence of Markov partitions for a pseudo-Anosov 
homeomorphism / representing mapping class ^f.The existence of Markov partitions im¬ 
plies that there is a symbolic dynamics for (M, /).This means that there is a hnite set N, 
a matrix A = (ap)(ij)gArxA with entries 0 or 1 and a surjective map p : Q ^ M,where 

{(^n)ngZ • ^XnXn + l 1, n G Zj- 

such that poa = f op where a is the shift (to the left) of the sequence (a;„) of symbols.We 
have hrstly: 

#Fixa" = trA*". 

In general p is not bijective.The non-injectivity of p is due to the fact that the rectangles of 
the Markov partition can meet on their boundaries.To cancel the overcounting of periodic 
points on these boundaries,we use Manning’s combinatorial arguments UTI proposed in 
the case of Axiom A diffeomorphism . Namely, we construct hnitely many subshifts 
of hnite type crj,z = 0, l,..,m, such that cxo = a, the other shifts semi-conjugate with 
restrictions of / ,and signs e* G {—1,1} such that for each n 

m m 

# Fix /" = 6, ■ # Fix< = e, ■ tr 

2=0 2=0 

where Aj is transition matrix, corresponding to subshift of hnite type cxj. For pseudo- 
Anosov homeomorphism of compact surface N{f^) = ^Fix{f'^) for each n > o |2llj.So 
we have following trace formula for Nielsen numbers 

m 

i=0 

Conjecture 123 and this trace formula immediately implie the following 

Conjecture 29. For any pseudo-Anosov mapping class g the symplectic zeta function 
Fg{z) is a rational function given by the formula 

m 

(7) F,{z) = N,{z) = N,(z) = - Vz)- 

i=0 

6.3.2. The general case. Concluding remarks. 

Conjecture 30. For any mapping class g & T = TTQ{Diff^{M)) there is a monotone 
representative (j) G Symp'"(M, a;) with respect to some (f-invariant area form oj such that 

HF,{(f) = Z2) © zf 

where by Mi^ we denote the union of the components of M \ int{U), where 0 restricts 
to the identity. Suppose is a standard( Thurston canonical form) representative of g 
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and X is the largest stretching factor of pseudo-Anosov pieses offj( A := 1 if there is no 
pseudo-Anosov piece). Then asymptotic invariant 

F°^{g) := Growth(dimiyF40")) = A = hi^if) = limsup 

n—>oo 

Remark 31. (i)If 0 G Symp™'(M, a;) has only non-degenerate fixed points, then 

ifFix{(j)) > dimHF^{(j)) 

. (ii) Due to P. Seidel j22| dim HF^{(j)) is a new symplectic invariant of a four-dimensional 
symplectic manifold with nonzero first Betti number. This 4-manifold produced from 
symplectomorphism 0 by a surgery construction which is a variation of earlier construc¬ 
tions due to McMullen-Taubes, Fintushel-Stern and J. Smith.We hope that our symplectic 
zeta functions and asymptotic invariant also give rise to a new invariants of contact 3- 
manifolds and symplectic 4-manifolds. 
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